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Abstract— Power System Voltage stability remains a major 
challenge for power utilities across the world. This research uses 
static load flow methods namely the voltage stability indices to come 
up with an optimal placement of FACTS devices in the weak and 
heavily loaded buses for voltage stability improvement. The research 
shall be done by the use of Power System Analysis Toolbox (PSAT) 
software that runs on MATLAB’s environment on the IEEE 39-Bus 
10-Generator test system. 
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I. INTRODUCTION 
The demand for clean, reliable and affordable energy is 
growing at unprecedented rates across the world.As we seek to 
increase the quantity of energy produced, the supply quality 
challenges will grow in tandem. The growing long distances 
between generation and load centers only serve to compound 
the voltage stability challenge. 

This presents power system engineering practitioners with the 
challenge of coming up with ways and means of maintaining 
the required system voltage profiles. Voltage stability is the 
ability of a power system to maintain acceptable voltage levels 
under normal operating conditions and after being subjected to 
disturbances such as a sudden increase in load[1]. 

Research on the location of the FACTS devices using such 
methods as small signal analysis, hopf bifurcation, time 
domain analysis, loss sensitivity factors, fuzzy index and 
voltage change index have been well documented. This has 
been coupled with various FACTS devices control strategies 
such as genetic algorithm, particle swarm optimization, pulse 
width modulation and runge-Kutta method [2][3][4][5]. 

Various methods are used for voltage stability studies. They 
can broadly be classified into two,namely the static and 
dynamic methods.Dynamic methods apply real-time 
simulation in time domain using precise dynamic models. 
Static methods solve specific first or second order functions or 
indices derived from the power flow equations of the network 
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which show the capability of the power system to remain 
stable. They run with specific load increases until the voltage 
collapse point is reached thus allowing the examination of a 
wide range of system operating conditions such as heavy 
loading and contingencies.The objective of this study is to use 
the voltage stability indices in predicting the proximity to 
voltage collapse as one of the static methods[6][7][8]. 

Proper knowledge of how close the actual system’s operating 
voltages are from the voltage stability limits is crucial to 
system operators, power system engineers and other 
practitioners. Therefore voltage stability indices are crucial 
parameters for many voltage stability studies. These indices 
provide critical information about the proximity of voltage 
instability in a power system. Their values change between 0 
(no load) and 1 (voltage collapse)[9]. 

Two versatile voltage stability indices,namely the Line 
stability Index and the Fast Voltage Stability Index shall be 
used in this research to locate the optimal-practical and cost 
effective- placement of FACTS devices in the weak and 
heavily loaded buses. The research shall also take care of the 
objective of system voltage security thus the use of voltage 
security-constrained load flow analysis as the base case. 

The paper is organized as follows:Section 1 serves as an 
Introduction.Section 2 discusses the Mathematical Modelling 
of the Voltage Stability indices used and in section 3, we 
discuss the methodology used and finally section 4 looks at 
the results obtained. 

II. VOLTAGE STABILITY INDICES

One area of static methods is called the Voltage Stability 
Index (VSI) method. The voltage stability indices are 
generated from the power flow equations. The indices show 
the system’s stability condition and can be used to estimate the 
systems operating states[10]. 

The mathematical expression of a VSI is written as a 
polynomial containing the systems real-time measurements 
such as voltage magnitudes, phase angles, bus injected power 
and branch power flow values. 

The values of VSI are distinctly different in normal condition 
and contingencies for a power system. The changing of the 
VSI values from no load condition to maximum permissible 
loading condition reflects the system’s stability trend from 
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stable to unstable. The point when the system loses stability is 
called the optimal (diverge) point. 

Voltage magnitude is the most often used parameter in voltage 
stability index studies. A typical Voltage Stability Analysis 
considering voltage magnitude is based on a simplified 2-bus 
thevenin Equivalent power system with line resistance 
neglected. 

The approximate power flow equations through sending and 
receiving ends are obtained. 

One VSI method considering voltage magnitude of the 
receiving end is derived.The method utilizes the 
approximation of neglecting the line resistance for 
transmission lines with a high reluctance/resistance ratio.The 
approximated maximum active/reactive and apparent power 
flow values are obtained by using power flow measurements 
to express the voltage magnitude at receiving end and 
calculating its minimum value.  

The Fast Voltage Stability Index – FVSI-is an indicator based 
on measurements of voltages and reactive power.Its a very 
good indicator of the weakest lines in the network for 
mitigation such as placement of FACTS 
devices[11][12][13][14][15][16].  

The line model used to derive the indicator is shown below: 

௜ܷ ൏ 0௢   	 ୧ܲ,ܳ௜ ୨ܲ,ܳ௝         ௝ܷ ൏ ߜ

ܼ௜௝=ܴ௜௝ ൅ ݆ ௜ܺ௝

Fig.1 Two-Bus Line Model for derivation of Voltage Stability 
Indices 

We have two Buses namely Bus i (sending) and Bus j 
(receiving).	 ௜ܷ is the sending end voltage,	ܳ௝  the reactive
power at the receiving end.Bus i is used as the reference bus, 
with the voltage angle set to 0. 

The derivation of the index begins with the general equation 
for the current in a line between two Buses i and j as: 

௜௝ܫ ൌ
௎೔ష௎ೕ
௓೔ೕ

 (1) 

The apparent power received at Bus j is found by multiplying 
1 with the voltage at Bus j as: 

௜௝ܫ ൌ ௝ܷ
௎೔ି௎ೕ
௓೔ೕ

ൌ ௝ܲ ൅ ݆ܳ௝                                                  (2)

The imaginary part of 2 is the reactive power received at Bus j 
given by equation: 

ܳ௝ ൌ
௎೔௎ೕ൫ோ೔ೕ௦௜௡ఋା௑೔ೕ௖௢௦ఋ൯ି௑೔ೕ௎ೕ

మ

ோ೔ೕ
మ ା௑೔ೕ

మ   (3)

This can be rewritten as a second-order equation for ௝ܷ as:

௝ܷ
ଶ െ ௝ܷ ௜ܷሺ

ோ೔ೕ
௑೔ೕ

sinߜ ൅ ሻߜݏ݋ܿ ൅ ൬ ௜ܺ௝ ൅
ோ೔ೕ
మ

௑೔ೕ
൰ ܳ௝ ൌ 0

 (4) 

FVSI is based on the principle that the system remains stable 
as long as there are only real solutions to equation 4 above. 
i.e.  

ሾ൬
ோ೔ೕ
௑೔ೕ
ߜ݊݅ݏ ൅ ൰ߜݏ݋ܿ ௜ܷሿଶ െ 4ሺ ௜ܺ௝ ൅

ோ೔ೕ
మ

௑೔ೕ
ሻܳ௝ ൒ 0

  (5)  

Simplifying 5 above and assuming that the angle difference  
is normally very small (≈0,	ܴ௜௝sin≈0 and ௜ܺ௝cos≈ ௜ܺ௝)
gives: 

	ሺ ௜ܺ௝ ௜ܷሻଶ ൒ 4 ௜ܺ௝ ൅ ܴ௜௝
ଶ ሻܳ௝    (6)

FVSI is thus defined as the ratio between the two terms: 

ܫܸܵܨ ൌ
ସ௓೔ೕ

మொೕ

௎೔
మ௑೔ೕ

൑ 1     (7)

As shown in equation 7,the power transmission through line i-
j is stable as long as  

ܫܸܵܨ ൑ 1

Line stability Index ܮ௠௡ resembles FVSI based on the power
flow equation for a transmission line.Continuing from 
equation 3 above and replacing ܴ ൅ ݆ܺ by Z<,gives an 
expression for the received reactive power at Bus j: 

ܳ௝ ൌ
௎೔௎ೕ
௓೔ೕ

sinሺߠ െ ሻߜ െ
௎ೕ
మ

௓೔ೕ
(8)     ߠ݊݅ݏ

Using the same technique as for FVSI,the receiving-end 
voltage can be expressed as a second-order equation: 

௝ܷ
ଶߠ݊݅ݏ െ ௝ܷ ௜ܷ sinሺߠ െ ሻߜ െ ܳ௝ܼ௜௝ ൌ 0    (9) 

Similarly as with FVSI,the system remains stable as long as 
there are only real solutions to equation 9 above. 

Proceedings of the 
2016 Annual Conference on Sustainable Research and Innovation, 

4 - 6 May 2016

139



 

 

Rearranging the equation and using the fact that ܼ௜௝sin = 

௜ܺ௝  gives the equation for the line stability as: 

 

௠௡ܮ ൌ
ସ௑೔ೕொೕ

௎೔
మ௦௜௡మሺఏିఋሻ

൑ 1                                           (10)                                                                    

 
The similarity of the two indicators can be illustrated by 
inserting ߜ ൌ 0 in equation 10 above to give: 
 

௠௡ܮ ൌ
ସ௑೔ೕொೕ

௎೔
మ௦௜௡మሺఏሻ

ൌ
ସ௓೔ೕொೕ
௎೔
మ௑೔ೕ

ൌ ߜ	ݎ݋݂	ܫܸܵܨ ൌ 0                                                       

                                                                                         (11) 
 
Thus the only difference between ܮ௠௡	 and FVSI is that ܮ௠௡ 
accounts for the voltage angle difference which FVSI assumes 
to be zero. This is also the advantage of FVSI over ܮ௠௡ as it 

only requires measurements of magnitudes only whereas ܮ௠௡ 
requires synchronized phasor measurements at both line ends. 
 

III. METHODOLOGY 
We shall use the voltage security constrained optimal load 
flow solution on the IEEE 10 Generators 39 bus system as 
shown in Fig.A1 below as our base case. 
 
The IEEE 10 Generators 39 bus system is first drawn on the 
MATLAB’s Simulink and run on the PSAT software to obtain 
the base case load flow solution as outlined above.  
 
This will assist to achieve the twin goals of economy and 
security of the power system.In this research the constraints 
are the minimization of real power losses, minimization of  the 
cost of active power generation, minimization of reactive 
power losses for better voltage profiles, maximization of 
active power transfers and minimizing the cost of installation 
of the FACTS devices. All voltage profiles have been limited 
to 0.9 to 1.1 per unit values for enhanced voltage security. 
 
The load flow equations shall further be enhanced so as to 
obtain the voltage stability indices,namely the Fast Voltage 
Stability Index and the Line Stability Index. 
 
The above voltage stability indices shall be obtained using the 
steps summarized below: 
 
 First run the load flow program for the base case as 

above. 
 Next,evaluate the FVSI value for every line in the 

system. 
 Gradually increase the reactive power loading by 0.01 

per unit at a chosen load bus until the load flow solution 
fails to give results for the maximum computable FVSI 
and extract the stability index that has the highest value. 

 Choose the next load bus and repeat the above two steps 
for all the nineteen load buses. 

 Finally,sort the maximum loadability- maximum 
reactive power loading- of all the load buses in 

ascending order with the smallest maximum loadability 
ranking as the highest which implies the weakest bus in 
the system. 

 
IV. RESULTS 

 
The load flow solution for the base case converged in 0.388 
seconds as shown below: 
 

 
 
Fig.2 Load flow solution of the IEEE 39-Bus 10-Generator System  
 
The ranking system below was developed to determine the stressed 
and most heavily loaded load buses: 
  

Proceedings of the 
2016 Annual Conference on Sustainable Research and Innovation, 

4 - 6 May 2016

140



 

 

Table I: Load Bus Ranking using the FVSI and ܮ௠௡ Techniques 
 

 
 

V. DISCUSSION 
 
Using the Voltage security constrained optimal load flow 
solution alongside (7) and (10) above we computed the FVSI 

and ܮ௠௡	respectively for all the nineteen load buses. The 
results are ranked as per table I above. 
 
From the above table, Load Bus#3 is the weakest bus thus the 
best candidate for optimal placement of FACTS devices for 
voltage stability improvement. On the other hand,Bus#29 is 
the most stable buses and the last candidate for voltage 
support using FACTS devices. 
 

From (10) and (11) above, the results of  ܮ௠௡	 are more 
sensitive than those of FVSI in identification of the weakest 

buses. This is because ܮ௠௡ accounts for the voltage angle 
difference which FVSI assumes to be zero.The results in table 
I above confirms the said assertion. 
 
Continuous monitoring should be done on the weak buses so 
that the load connected to them does not exceed maximum 
allowed limit for system stability. Further, voltage support by 
the use of FACTS devices will go a long way in improvement 
of system voltage stability. 

 
The sparse matrix visualization below further confirms the 
above results: 
 

 
 
Fig.3 Sparse Matrix visualization of the IEEE 39-Bus 10-
Generator System 
 

VI. CONCLUSION 
 
A successful analysis of the IEEE 39-Bus 10-Generator 
system for identification of weak load buses was carried out. 
 
Voltage security constrained optimal load flow solution was 
used as the base case on which the research was built on. 
 
The two voltage stability indices,namely the Fast Voltage 
Stability Index and the  line stability index helped to 
determine the maximum load that can be connected to a load 
bus so as to maintain system voltage stability. 
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APPENDIX  

 
 

Fig.A1 The IEEE 10 Generators 39 bus system 
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