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Abstract: The paper introduces a hybrid model, combining Gradient Boosting Machines (GBM) and Response 

Surface Methodology (RSM) to overcome nonlinear data modeling. A four-factor Central Composite Design 

(CCD) of 30 experimental runs was simulated to determine the strength of the hybrid GB-RSM model. The RSM 

model was estimated with a second-order polynomial fitted with maximum likelihood estimation, and the GBM 

model was trained with five-fold cross-validation, a learning rate of 0.05, tree depths of 3-4, and 1500 trees in R. 

The GB-RSM model was obtained by training GBM using the RSM residuals to model higher-order nonlinearity. 

RSM was applied to estimate the linear, quadratic, and interaction terms; the residuals were provided to a GBM 

to model them to capture non-linearities. Preprocessing was done using normalization and K-Nearest Neighbor 

imputation of the missing data. Root Mean Square error, Mean Absolute error, as well as Coefficient of 

Determination R2  were used to measure the model’s performance. It was found that the RSM model had 

moderate accuracy (RMSE =  0.4751, MAE =  0.2775, R2 =  0.8209)  and GBM had better predictive accuracy 

(RMSE =  0.1761, MAE =  0.1178, R2 =  0.9754). The Hybrid GB-RSM model was better than the two, having the 

best predictive variance (RMSE = 0.0896, MAE = 0.0491, R2 = 0.9935). The residual diagnostics showed that 

the GB-RSM residuals were well distributed around zero, which means low bias and low variance with high 

stability. Combining the advantages of RSM and GBM, the hybrid framework provides better predictive and 

optimization capabilities, which is why it can be utilized in various data-driven decision-making and 

optimization.  

Keywords: data imputation, gradient boosting, response surface methodology, statistical modeling, hybrid 

model. 
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1. Introduction 

Modeling of complex nonlinear relationships between a response variable and predictor variables remains 

a daunting challenge in the field of statistical modeling. Traditional statistical methods, especially Response 
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Surface Methodology (RSM), have been used to model relationships between inputs and outputs under the 

assumption of linearity [1-2]. Complex nonlinear modeling of the relationships among predictors and responses 

has been a persistent research problem in fields such as agriculture, engineering, finance, and health care. 

Conventional methods, especially Response Surface Methodology (RSM), have been widely used because of 

their ability to capture linear, quadratic, and interaction effects; however, when faced with nonlinearities, high-

dimensional data, and missing data, their predictive power suffers a blow [3]. RSM is normally applied in 

experimental design where the objective is to determine the optimal combination of input conditions likely to 

achieve the optimum output [4-5].  

GBM is an ensemble learning model that builds a sequence of decision trees sequentially, where the 

decision tree is trained to correct the error of its predecessor [6]. Gradient boosting: Early successes, such as [7], 

originally proposed the algorithm, set the framework in which weak learners are sequentially improved by 

minimizing prediction errors by optimizing a specified loss function, suitable for both regression and 

classification problems. The flexibility and strength of gradient boosting have been useful in overcoming the 

issue of overfitting by using an imputation algorithm [8]. Gradient boosting applies to both regression and 

classification problems because of the flexibility of the method to use different loss functions [9]. Its application 

extends to agriculture, medicine, finance, and even engineering. It also has the advantage of handling missing, 

incomplete, complex, and nonlinear relationships existing in the data and can also perform well with high-

dimensional data [10]. The risk of overfitting the data is inherent in Gradient Boosting, so it incorporates a 

variety of regularization methods, which keep the model generalizable [11]. Gradient Boosting is especially 

useful due to its ability to capture complex nonlinear interactions that exist in the data since each decision tree 

will focus on a different aspect of the residuals, and thus the predictive performance of the model will continue 

to improve [12].  

The general objective was to develop a hybrid model integrating gradient boosting and response surface 

methodology to model nonlinear and high dimensional data while the specific objectives were to develop an 

integrated Gradient Boosting-based Response Surface Methodology framework for modeling complex 

nonlinear relationships between multiple predictors and response and to evaluate the statistical properties, 

predictive performance, and robustness of the hybrid GB-RSM in comparison with traditional Response Surface 

Methodology and other machine learning approaches. 

2. Methodology  

This paper uses a hybrid modeling framework that combines Response Surface Methodology with 

Gradient Boosting Machines (GBM) to overcome the limitations of nonlinear relationship estimation, high-

dimensional data, and missingness. The methodology includes some key steps, such as data preprocessing, 

model development, and testing. Pre-processing was done to correct discrepancies, cause controlled 

missingness, and normalize predictors. An RSM model that accommodates linear, quadratic, and interaction 

effects was then fitted using a polynomial regression. The RSM model residuals were then fed to a Gradient 

Boosting machine that sequentially modeled the unexplained variance. Hyperparameters of the GBM, 

including learning rate, estimators, and tree depth, were optimized by response-surface tuning procedures.  

2.1. Experimental Design and Data Simulation 

This paper used simulated experimental data to identify the strengths of the integrated GB-RSM model 

using a rotatable four-factor central composite design. Four factors 𝑥1, 𝑥2, 𝑥3, 𝑥4   were studied at 5-levels 

(−𝛼, −1, 0, +1, +𝛼)  where 𝛼  is the axial distance that facilitates rotatability. The axial distance was 𝛼 = 2, 

and the number of experimental runs was 30, consisting of center points, axial, and factorial points. The 
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outcome variable 𝑦 was generated on a nonlinear combination of factors and their interactions. The K-Nearest 

Neighbor (KNN) technique was used to impute the missing values (5% of the data), and all variables were 

normalized before modelling. GBM model was trained on five-fold cross-validation, with a learning rate of 0.05, 

tree depth of three to four, and 1500 trees in R version 4.4.3. The hybrid GB-RSM model was developed in two 

steps, where the RSM was first fitted to yield residuals, which were later fitted to the GBM to describe the local 

nonlinear trends that the surface of polynomials was unable to capture. The resulting hybrid prediction was 

determined by adding the RSM and GBM components. Root Mean Square Error (RMSE), Mean Absolute Error 

(MAE), and Coefficient of Determination were used to evaluate model performance on an 80%-20% train-test 

split. To evaluate the bias, variance, and stability, residual diagnostics, Q-Q plots, and predicted-versus-

observed plots were performed. All visualizations and simulations, such as 2D contour and 3D surface plots, 

were performed in R with caret, rsm, gbm, dplyr, plotly, and viridis packages. 

2.2. Response Surface Methodology 

The first approach was to apply response surface methodology to model the relationship between the 

response variable and predictor variables. A second-order polynomial approximation for the response variable 

𝑦 was fitted to capture the linear, quadratic, and interaction terms as shown below: 

 𝑦 = 𝑓𝑅𝑆𝑀(𝑋) + 𝜀,    (1) 

where 𝑓𝑅𝑆𝑀(𝑋) is a second order polynomial 

 

𝑓𝑅𝑆𝑀(𝑋) = 𝛽0 + ∑ 𝛽𝑖

𝑛

𝑖=1

𝑥𝑖 + ∑ 𝛽𝑖𝑖

𝑛

𝑖=1

𝑥𝑖
2 + ∑ 𝛽𝑖𝑗

𝑛

𝑖<𝑗

𝑥𝑖𝑥𝑗 + 𝜖, 

 

(2) 

where 𝛽0 is the constant coefficient, 𝛽𝑖 the linear coefficient, 𝛽𝑖𝑖  is the regression coefficient for the quadratic 

term, and 𝛽𝑖𝑗  is the coefficient for the interaction term, and 𝜖  is the error term. These coefficients were 

estimated using maximum likelihood estimation. Then, the residuals were computed as the difference between 

the observed and the predicted values as shown below: 

 𝑟𝑖 = 𝑦𝑖 − 𝑓𝑅𝑆𝑀(𝑋), (3) 

where 𝑟𝑖 is the residual from the 𝑖𝑡ℎ data point, 𝑦𝑖  is the observed value of the response, while 𝑓𝑅𝑆𝑀(𝑋) is 

the predicted value from the RSM model.   

2.3. Gradient Boosting  

Gradient boosting improves the prediction by fitting the residuals of the RSM model. It sequentially builds 

the models from weak learners to predict the residuals. For a GB model, the initial step was to fit the first 

decision tree 𝑓1(𝑥) to the errors (residuals) from the RSM model to minimize the errors. The following steps 

were followed: 

First, the initial decision tree was fitted as follows: 

 𝐹1(𝑥) = 𝐹0(𝑥) + 𝜆𝑓1(𝑥), 

 

(4) 

where 𝐹0(𝑥) is the initial prediction from the RSM model,  𝑓1(𝑥) is the initial decision tree fitted to the RSM 

errors and 𝜆 is the learning rate which determines the contribution of each decision tree in the model. The 

residuals at t iterations are given by: 

 𝑟𝑖
(𝑡) = 𝑦𝑖 − 𝐹𝑡−1(𝑥𝑖), 

 

(5) 

where 𝑦𝑖  is the observed value of the 𝑖𝑡ℎ  observation, 𝑟𝑖
(𝑡)  is the residual of the 𝑖𝑡ℎ  observation at 𝑡 − 
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iteration and 𝐹𝑡−1(𝑥𝑖) is the prediction of the 𝑖𝑡ℎ observation at 𝑡 − 1 iterations. The model was sequentially 

updated by fitting weak learners (decision trees) on the errors of the previous models. The resulting model is 

given below:  

 𝐹𝑡(𝑥) = 𝐹𝑡−1(𝑥) + 𝜆𝑓𝑡(𝑥), 

 

(6) 

where 𝜆 is the learning rate, 𝑓𝑡(𝑥) is the new decision tree at 𝑡 iteration trained on residuals, and 𝐹𝑡−1(𝑥) is 

the prediction from 𝑡 − 1  iteration and 𝐹𝑡(𝑥)  is the prediction at iteration 𝑡 . After 𝑇  iterations, the final 

prediction is the sum of the prediction from the RSM model and the subsequent adjustments made by the weak 

learners.  

This study adopted a leaf-based approach over the node-based approach because in a node-based gradient 

boosting, the correction is applied across the entire decision tree after it has been trained on the residuals in 

order to make a general correction to all observations in the dataset. The leaf-based gradient boosting, on the 

hand, applies the correction term at the leaf level of the tree and not the entire tree to update the model for all 

observations [13-14]. Correction terms are given to each leaf depending on the average residual of the training 

data points within the leaf.  For each learner 𝑓𝑡(𝑥), data is split into 𝐾𝑚 leaves, and the update for each 𝐾 

leaf is computed based on the residuals for the data points in the leaf such that: 

 𝐶𝑡,𝑘 = 𝑎𝑟𝑔𝑚𝑖𝑛 ∑ 𝐿(𝑦𝑖  , 𝐹𝑡−1(𝑥) + 𝑐)

𝑥∈𝑅𝑡,𝑘

, (7) 

𝐶𝑡,𝑘 is the correction term. This term represents the adjustments made to the prediction for the 𝑘 − 𝑡ℎ leaf at 

𝑡 − 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 . It is determined by minimizing the loss function that falls within a particular region.  

𝐿(𝑦𝑖  , 𝐹𝑡−1(𝑥) + 𝑐) is the loss function, which measures the difference between the observed and the predicted 

values, and 𝑐 is the correction applied to the leaf at 𝑡 −iteration. 𝑅𝑡,𝑘 is the region or leaf of the decision tree 

where 𝑘 represent each node.  

After 𝑇 iterations, the final model is given by: 

 

𝐹𝑇(𝑥) = 𝐹𝑡−1(𝑥𝑖) + ∑ ∑ 𝐶𝑡,𝑘𝐼(𝑥 ∈ 𝑅𝑡,𝑘)

𝐾𝑚

𝑘=1

𝑇

𝑡=1

, 

(8) 

𝐹𝑇(𝑥) is the final prediction at T iteration, 𝐶𝑡,𝑘 is the correction term for the 𝑘 − 𝑡ℎ leaf at 𝑇 −iteration, 𝑅𝑇,𝑘 

is the subset of the data points for the  𝑘 − 𝑡ℎ leaf at 𝑇 −iteration and  𝐼(𝑥 ∈ 𝑅𝑡,𝑘) is the indicator function 

that applies adjustments in the regions 𝑅𝑡,𝑘. 

𝐼(𝑥 ∈ 𝑅𝑡,𝑘) = {
1, 𝑓𝑜𝑟 𝑥 ∈ 𝑅𝑡,𝑘 

0,            𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

The integrated Gradient boosting with the RSM model is given by 
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(9) 
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(11) 

 

3. Results and Discussions 
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The regression analysis performed with the help of a second-order Response Surface Model (RSM) offers 

a thorough insight into the nonlinear and interactive relationships between the four predictor variables 

(𝑥1, 𝑥2, 𝑥3, 𝑥4). This model has both linear, quadratic, and cubic terms of interaction; thus, it can depict both 

curvature and multi-variable complex interactions that cannot be represented in a pure second-order (quadratic) 

model.  

 𝑦̂ = 0.4564 + 0.1055𝑥1 + 1.2321𝑥2 − 0.0783𝑥3 + 8.394𝑥4 + 2.2207𝑥1
2 + 2.7594𝑥2

2 −

0.4470𝑥3
2 − 1.6523𝑥4

2 + 3.900𝑥1𝑥2 − 1.217𝑥1𝑥3 + 0.5177𝑥1𝑥4 + 4.1523𝑥2𝑥3 − 0.0135𝑥2𝑥4 +

5.679𝑥3𝑥4. 

 

(12) 

 

Figure 1: RSM Output 

Error! Reference source not found. shows that the model yielded an 𝑅2 of 0.7914 and adjusted 𝑅2 of 0.788, 

which means that about 78.8 percent of the total variance in the response variable is accounted for by the 

predictors in the model. Adjusted 𝑅2 is used to explain the complexity of the model and ensures that most 

predictors also have significant explanatory power and do not overfit the data. The large F-statistic 208.3, 𝑝 <

 2.2𝑒 − 16) also confirms the statistical significance of the overall regression model. These findings indicate that 

the second-order model gives a good fit and sufficiently represents the underlying structure of the system, but 

there is still residual variance that cannot be explained. 

These findings show that some predictor variables such as 𝑥2  and 𝑥4  have a strong relationship with 

the response variable, while 𝑥1  and 𝑥3  exhibited a weak association. The variables 𝑥2  had a coefficient of 

1.2321 and a p-value of 0.000, indicating a strong and positive relationship between 𝑥2  and the response. Also, 

𝑥4   had a coefficient of 8.390 and a p- value of 0.000, demonstrating a highly significant and positive 

relationship with the outcome variable. On the other hand, 𝑥1  and 𝑥3 did not show a significant relationship 

with the response variable. The 𝑥1 variable has a coefficient of 0.1055 and a p-value of 0.5414 that it does not 

have a significant effect on the response. Also, 𝑥3  has a coefficient of -0.0783 and a p-value of 0.6535, which 

indicates that the variable is statistically insignificant. These two variables do not have a significant impact on 

the outcome variable when analyzed individually.  
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Nevertheless, the terms of interaction provide a more complex situation. Even though 𝑥1  and 𝑥3 do not 

significantly impact the response, their interaction (𝑥1: 𝑥3) significantly impacts it, with an estimate of  -1.2172 

and a p-value of 0.0064. This implies there is a negative relationship between these two predictors; that is, the 

𝑥1  impact on the response is reduced when 𝑥3  is high. Conversely, the relationship between 𝑥2  and 𝑥3  

(𝑥2: 𝑥3) significantly impacts the response, and the coefficient of this relationship is 4.1523, with a p-value of 

0.0000, which means that the two variables together increase the response. The interaction effects such as 𝑥1: 

𝑥2  and 𝑥3: 𝑥4  also reveal how complex the manner in which these predictors interact to determine the result. 

The quadratic terms are also extremely important in modeling. All the coefficients of 𝑥1
2, 𝑥2

2 and 𝑥4
2 are 

significant, and the p-value of each of these is 0.0000. These quadratic terms note that the association between 

the predictors and the response is not entirely linear, but is curvilinear in nature. The coefficients of 𝑥1
2 and 

𝑥2
2 are positive, which means that their effect on the response increases with increasing levels of these variables, 

which is a convex relationship. Conversely, the negative coefficient of 𝑥4
2  indicates that at increased levels of 

𝑥4, the relationship between the 𝑥4 and the response can change to a concave form.  

The results demonstrate a number of significant and important relationships between pairs of predictors. 

The interaction between 𝑥1  and 𝑥2  is positive, with a coefficient of 3.9004 and a p-value of 0.0000, which 

means that there is a synergistic effect of the interaction between these two variables. This implies that an 

increase in both 𝑥1 and 𝑥2 will yield a higher response relative to the individual contributions, indicating that 

the two predictors synergize to improve the system performance. In the same way, the response is positively 

and significantly affected by the interaction of 𝑥2 and 𝑥3, with a coefficient of 4.1523 and a p-value of 0.0000 

indicating that both 𝑥2 and 𝑥3 jointly have an additional impact. This result indicates that interaction terms 

are also significant to consider in modeling because they can demonstrate combined effects that would be 

neglected in an analysis of individual predictors at any given moment. 

Conversely, the interaction of 𝑥1 and 𝑥3 exhibits a negative impact with a coefficient of -1.2172 and a p-

value of 0.0064. It implies that 𝑥1 and 𝑥3 have an inverse relationship; the larger they are, the lesser the effect 

of the two. It means that there is a negative correlation between 𝑥1 and 𝑥3, as the positive impact of the increase 

in one variable is weakened by the positive impact of the increase in the other variable. The relationships 

between 𝑥1 and 𝑥4 and between 𝑥2 and 𝑥4 were, however, revealed as statistically insignificant (p-values > 

0.5), and so the two groups of predictors do not exert a significant impact on the response when they interact. 

This implies that 𝑥1 , 𝑥2 , and 𝑥4  alone are significant; however, their combinations do not result in any 

meaningful synergies. 

 
Figure 2: MLE Model Performance 
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Error! Reference source not found. provides some of the main performance measurements of a model 

using Maximum Likelihood Estimation (MLE). The log-likelihood of -1889.3080 gives some idea of how well 

the model fits the data, with larger values desired to give a better fit. Both the AIC of 3810.6170 and the BIC of 

3888.8170 are model comparison measurements, with a lower value indicating a superior model, but they are 

to be compared to other models. The p-value F is 0.0000, which validates the overall statistical significance of 

the model, i.e., the regression model is a good predictor. All these metrics indicate good performance of the 

model, and the balance between the explanatory power and model complexity is good. 

3.1. 3D Surface with Contour Plots 

 
 

Figure 3: Response Surface 

Error! Reference source not found. shows a 3D surface plot with contour lines that show the response 

surface produced by the fitted Response Surface Methodology (RSM) model of factors 𝑥1 and 𝑥2. The plot 

reflects a smooth, curved surface, which indicates that the model has successfully captured both linear and 

quadratic relationships between the independent variables and the predicted response 𝑌. The gradient of colors 

between purple (low response values) and yellow (high response values) shows areas of the lowest and highest 

predicted responses, demonstrating the joint effect of changes in the factors on the outcome. The curvature and 

the form of the contours indicate that the interaction between 𝑥1  and 𝑥2  is nonlinear. The darker lines of 

contour in some areas suggest a steep response surface, where minimal changes in the level of factors cause 

significant changes in the response. Generally, the surface suggests that the area with the highest response 

increase or decrease is around one side of the design space, affirming that the RSM model is able to effectively 

elicit effects of critical factors and possibly the optimum operating conditions. 

3.2. Model Performance Summary 

Table 1: Model Performance Summary 

Model RMSE MAE 𝑹𝟐 

RSM 0.475 0.277 0.821 

GBM 0.176 0.118 0.975 

Hybrid GB-RSM 0.090 0.049 0.993 

Results in Error! Reference source not found. shows that RSM model yielded an 
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RMSE of 0.475 , MAE of 0.277, and an R2 of 0.821,  which is a good fit to the data. RSM was found to be very 

effective in capturing the key effect factors and interaction of the factors, with a clear interpretation ability in 

regression coefficients and surface plots. To evaluate the adequacy and diagnostic validity of the second-order 

Response Surface Methodology (RSM) model, residual analysis was performed; after fitting the quadratic 

model, the residuals were computed as differences between the observed and predicted response values as a 

measure of the unexplained variation, and several diagnostic plots, such as those of the residuals versus fitted 

values, normal Q-Q plot, and residuals versus predictor plot, were plotted to assess the assumptions and 

performance of the model. The analysis of the residual values revealed slight curvature patterns, which meant 

that the quadratic model could not. 

The GBM model was much better, with  RMSE = 0.176, MAE = 0.118, and R2  = 0.975  Nonlinear 

dependencies and higher-order interactions among the factors were well captured by the ensemble learning 

mechanism of GBM, which minimized residual errors sequentially using boosted decision trees. In addition, 

GBM was found to be very robust to the imputed data, adapting to missingness patterns and noise in the 

predictors. Although the model had better predictive power, it was limited in transparency over the effects of 

factors compared to RSM due to its non-parametric, black-box nature. 

The hybrid GB-RSM model that combines the parametric format of Response Surface Methodology (RSM) 

with the nonlinear learning ability of Gradient Boosting Machines (GBM) showed the highest overall predictive 

performance (𝑅𝑀𝑆𝐸 =  0.089, 𝑀𝐴𝐸 =  0.049 , 𝑅2  =  0.993). In this context, the response surface in the RSM 

component was able to capture the global and continuous curvature of the response surface due to its use of 

quadratic terms and was also able to estimate main effects as well as second-order interactions. But since RSM 

is limited by its fixed quadratic functional form, the residual analysis indicated the existence of other nonlinear 

patterns in the data. To overcome such shortcomings, GBM was trained on the RSM residuals and enabled it to 

model local deviations and higher-order nonlinear dependencies. This step-wise integration played a major 

role in improving predictive power, interpretative power, and strength. The hybrid model preserved the 

explanatory power of RSM- giving it explicit regression coefficients and response surfaces that can be visualized 

and the flexibility of GBM to deal with nonlinear and high-dimensional data. This means that the GB-RSM 

hybrid framework will provide a sensible and interpretable modeling approach, which is ideal in optimization 

studies of agricultural, environmental, and engineering systems that are described by nonlinear, complex, and 

multivariate interactions. 

3.3. Residual and Diagnostic Analysis 

 

Figure 4: Residual Density Analysis 

The comparison plot of the residual density in Error! Reference source not found. shows the nature of the 

distribution of the residuals of the three models: Response Surface Methodology (RSM), Gradient Boosting 
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Machine (GBM), and hybrid GB-RSM framework. The residuals of the hybrid model have a narrow and sharply 

peaked distribution around zero, indicating that the majority of the prediction errors are small and evenly 

distributed. This trend is typical of a high predictive precision model with low bias. Conversely, a broader 

distribution of the residuals is observed in the RSM model, which shows greater variability and systematic 

errors of the actual response surface. Residual values of the GBM model are not too far in either direction 

compared to RSM, although they are more concentrated than the hybrid model. These findings suggest that, 

although GBM is superior to the pure RSM in terms of nonlinear effects capturing, the hybrid process offers a 

better balance because the residual dispersion is minimized and the predictions are more likely to cluster 

around the actual mean. The Q-Q plot indicates that although the data are distributed around the normal line, 

the tails are far to the right and to the left, which indicates the existence of heavy-tailed behavior and outliers. 

Collectively, these findings suggest that, despite its reasonable first-order approximation, RSM breaks the 

normality and homoscedasticity assumptions of regression and hence may not be as reliable in predicting more 

complex phenomena. 

3.4. Residual Diagnostics of the RSM Model 

 
Figure 5: RSM Residuals 

Error! Reference source not found. shows the diagnostic plots of the Response Surface Methodology (RSM) 

model offer understanding on the suitability of the fitted quadratic surface, as well as whether the regression 

assumptions employed are being met. To determine whether the residuals have systematic patterns which may 

indicate model misspecification, nonlinearity or heteroscedasticity, the residuals versus fitted values plot (left 

panel) is utilized. The residuals, in this case, seem to be randomly distributed around the horizontal zero line, 

and it is a sign that the RSM model is not strongly biased in its structure. The fitted values, however, increase 

the variability of residuals in a slight degree, which is exhibited by a mild funnel-shaped dispersion. This non-

homogeneous variance indicates that there is heteroscedasticity, which means that the model is more likely to 

generate high prediction error when the fitted response is large. The plot also shows some individual clusters 

and outliers, which can be due to the effects of some of the experimental runs with extreme factor combinations 

or interactions that are not well represented by the quadratic model. 

The right panel of the normal Q-Q plot also tests the normality assumption of the residues, which is a major 

requirement for valid statistical inference in RSM. Ideally, when there is a normal distribution in the residuals, 

the points would be close to the 45-degree reference line. The middle part of the data in this plot compares well 
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with the theoretical curve, implying that most of the residuals are normally distributed. There are, however, 

observable deviations at both tails, with the residuals moving downwards (on the left) and upwards (on the 

right). Such departures imply heavy tails and the existence of a handful of extreme residuals which do not 

follow normal behavior. The common occurrence of such deviations in the RSM models is when the true 

response surface possesses a greater nonlinearity or interaction than can be represented by a second-order 

polynomial. 

 

Figure 6: Predicted vs Observed Values for RSM, GBM and Hybrid GB-RSM Models 

Error! Reference source not found. is a comparative analysis of three models: Response Surface 

Methodology (RSM), Gradient Boosting Machine (GBM), and a Hybrid model, using the observed vs. predicted 

scatter graphs. The primary goal of these kinds of plots is to determine the fit between the model predictions 

and the real-life data. In a perfect model, all scatter points would fall on the line, and all predictions would be 

100 percent accurate and reliable, but this is not the case; this means that the red diagonal line in each scatter 

plot indicates that the predictions of the model are not 100 percent accurate and reliable. When a point is not 

on the line, it is an indication of an error in prediction by the model.  
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Figure 7: RSM Contour Plots 

The two 3D response surfaces in Error! Reference source not found. show different patterns of interaction 

in the fitted response surface model. The initial surface (the relationship between 𝑥1and 𝑥2) shows a strong 

curvature, which is a typical characteristic of a strong second-order effect. This curvature shows that the effect 

of these factors is not additive but synergistic, i.e., the overall effect of 𝑥1and 𝑥2  on the response variable is 

even larger than the sum of the effects of the two factors. The surface increases evenly at the extremes of the 

two factors, indicating a nonlinear dependence in which the predicted response is growing with the deviation 

of the two variables out of the central levels. This is statistically significant quadratic and interaction terms, 

which lead to model curvature and a stationary region due to an optimal or critical point in the experimental 

domain. 

Conversely, the surface by 𝑥3 and 𝑥4, has a regular gradient structure, which indicates that the behavior 

of the response has first-order behavioral influence with a minimal nonlinear deviation. The slope on the surface 

shows opposite direction effects in that an increase in 𝑥3 leads to increased predicted response levels and a 

corresponding increase in 𝑥4 translates to weakening of the response, indicating opposite main effects and a 

negative interaction in the system being modeled. Statistically, the association between 𝑥3 and 𝑥4 is almost 

null, and that linear coefficients are the leading factor in explaining the response pattern. These contrasting 

surfaces explain the statistical heterogeneity of factor interactions, meaning that the response function is 

statistically heterogeneous with sensitivities that vary spatially as a result of interaction between nonlinear 

curvature and directional linearity. The 𝑥1: 𝑥2 pair interaction shows a strong non-linear variability, whereas 

the 𝑥3: 𝑥4  interaction shows a comparatively nonlinear effect exhibiting a dependent structure, hence 

suggesting that the response surface is hierarchically driven by the 𝑥1: 𝑥2 pair. The fact that 𝑥1 and 𝑥2 define 

a region with localized curvature and a global linearity implies that the model should be optimized on the 

region where 𝑥1 and 𝑥2 are most sensitive to changes and predictive uncertainty is high. 

4. Conclusion and Recommendation  

Gradient Boosting-Based Response Surface Methodology (GB-RSM) model yielded better results, which 

was a significant enhancement over the traditional Response Surface Methodology (RSM) and gradient 

boosting model. The GB-RSM model was robust in dealing with high-dimensional, nonlinear data with missing 

values by integrating the interpretability of RSM, which models linear, quadratic, and interaction effects, and 

the adaptive learning ability of Gradient Boosting (GBM). Higher-order interactions and nonlinearities that 

could not be explained by RSM alone could be captured by the model, which made it a more accurate and 

robust prediction. The diagnostics of the residual showed that the GB-RSM model was stable with low bias and 

variance, and thus highly predictive. This is a hybrid method that takes advantage of the strengths of both 

methods and is especially applicable in complex uses where high accuracy, flexibility, and interpretability are 

needed. 

The GB-RSM hybrid model is recommended to be used in the areas of agriculture, engineering, 

environmental sciences, and healthcare, where nonlinear relationships, high-dimensional data, and missing 

values are inherent, due to its better performance in these areas. The model is particularly useful in optimization 

problems where it is important to know how variables interact, and where both model interpretability and 

predictive power are of interest. Further studies should be conducted on the optimization of hyperparameters, 

including the learning rate, count of trees, and the depth of the tree, to enhance the effectiveness and 

performance of the model. Lastly, the incorporation of other machine learning methods, including neural 

networks or deep learning, might be considered to work with even more complex data and enhance the 

performance of a model in a particular application. 
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